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Abstract. Given an ideal a C _R in a (log) Q-Gorenstein F-finite ring of characteristic 
p > 0, we study and provide a new perspective on the test ideal t{R, a*) for a real number 
' t > 0. Generalizing a number of known results from the principal case, we show how 

I to effectively compute the test ideal and also describe r(i?, a') using (regular) alterations 

_ . with a formula analogous to that of multiplier ideals in characteristic zero. We further 

' prove that the F-jumping numbers of t(_R, o*) as t varies are rational and have no limit 

, points, including the important case where ii is a formal power series ring. Additionally, 

we obtain a global division theorem for test ideals related to results of Ein and Lazarsfeld 
from characteristic zero, and also recover a new proof of Skoda's theorem for test ideals 
which directly mimics the proof for multiplier ideals. 

< 

^ ' 1. Introduction 

> I 

^ Suppose that a is an ideal in a normal Q-Gorenstein domain R essentially of finite type 

over a perfect field k. When k has characteristic zero, the multiplier ideals ,J{R, a*) C R 
for real numbers t > have been used to great effect (as in |Laz041 Chapter 9]). Similarly, 
CN , when instead k has characteristic p > 0, Hara and Yoshida introduced the test ideals 

t{R, a*) Q R as positive characteristic analogs of multiplier ideals |HY03j (c/. |Tak04j ). In 
ly^ ■ either case, these invariants measure both the singularities of R and the subscheme defined 

On I by (relative to t). Moreover, Hara- Yoshida and Takagi showed that the multiplier ideal 

' agrees with the test ideal after reduction to characteristic p ^ 0. However, the connection 

CN . between these invariants is far stronger than this result alone would suggest: test ideals 

and multiplier ideals often exhibit strikingly similar properties even in small characteristics 
where the reduction theorem fails. 

This article develops a new perspective on test ideals of non-principal ideals with a number 
of applications. For example, we further strengthen the association between multiplier and 
^ ■ test ideals by generalizing the main results of [BSTllj and jSTZ12j from the case of a 

I principal ideal a. 

Theorem A (Test ideals via alterations, [Theorem 6.1} [Theorem 6.3|) . Suppose that R is 
a normal Q-Gorenstein domain essentially of finite type over a perfect field k, and a is an 
ideal of R. Then for all real numbers t > and all sufficiently large regular alterations 
p: W — > X = Spec{R) with a ■ Ow = Ow{—H) locally principal (i.e. those dominating a 
fixed alteration independent oft), we have 

rp / /n /rr^ j.TJi\\ \ the multiplier ideal J' {R, a^) i/ char(A;) = 0, and 

Tr,{p,Ow{\Kw - P Kx -tH])) = ^ i/ie iesi zdeaZ r(i2, a*) z/ char(fe) = p > 0, 

where Tvp : p*uJw — ^ is the corresponding trace map. 
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While phrased in the above manner largely for comparison with characteristic zero, we 
remark that the new component to this result lies entirely in positive characteristic. Fur- 
thermore, in this case, the above characterization of the test ideal extends naturally to all 
(log) Q-Gorenstein F- finite triples (X, A, a*): there exists a regular alteration p : W — > X 
with a • Ow = Owi—H) such that 

(1.0.1) Trp {p,Ow{\Kw - P*(Kx + A) - tH])) =r(X,A,o*). 

for all t € M>o, and it follows that the test ideal t{X, A, a*) is the intersection of these 
images over all alterations p : W — > X, 

r{X,A,a')= fl Trp{p,Ow{\Kw-p*{Kx + A)-tH])). 

p:W — >X 

Largely in contrast to the situation for multiplier ideals in characteristic zero, the test 
ideals of non-principal ideals have historically seemed far more complicated than test ideals 
of principal ideals. So as to give an idea where the difficulties lie, recall that the classical 
construction of the test ideal t{R, o*) jHY03l ITak041 IBMSOSj is based upon a number of 
manipulations of ideals involving the Frobenius morphism or pth power map. For example, 
the p^ih Frobenius or bracket power b^^^^ of an ideal b C i? is the expansion under the e-th 
iterate of Frobenius and is generated by the p^ih. powers of elements of b. In case b is a 
principal ideal, the ordinary and Frobenius powers coincide b'^"] = b^" , vastly simplifying the 
construction of t{R, o*) when a is principal. However, in general the two powers 

bbl / bP' 

are quite different, and subsequently the test ideal t{R, o*) for non-principal o is more 
mysterious. 

In light of such difficulties, as with the results from |BSTllj and |STZ12j generalized 
above, a number of prominent results for test ideals have been known previously only in the 
principal case. Our new perspective allows us to realize many of these statements in full 
generality, roughly showing that the test ideals of non-principal ideals behave nearly as well 
as those of principal ideals. As another example, consider that historically the test ideals 
of principal ideals have fared better with regards to F-jumping numbers. Recall that a real 
number t > is called an F -jumping number if t{R, o*~^) ^ t{R, a*) for all e > 0. Based 
on the behavior of the similarly defined jumping numbers for multiplier ideals |ELSV04] . 
it was expected that F-jumping numbers are always rational and have no limit points (at 
least when R is Q-Gorenstein, cf. |Urbl2] ). Indeed, this has been shown to be the case for 
arbitrary a when R is finite type over a field (for regular R in |BMS08j and in general by 
[BSTZlOl ISTZ121 IBli09j ). However, for more general rings, all previous proofs (again for 
regular R in |BMS09[ IKLZ09] and in general by [BSTZlOl ISTZ12p have required a to be 
principal. This was particularly frustrating as the discreteness and rationality of F-jumping 
numbers for non-principal ideals in formal power series rings has remained elusive. However, 
using our new characterization of the test ideal in the non-principal setting, we are able to 
prove discreteness and rationality in the F-finite (log) Q-Gorenstein case in full generality. 

Theorem B (Discreteness and rationality of F-jumping numbers. [Theorem 5.3p . Suppose 
that R is an F -finite normal domain, A is a Q-divisor on X = Spec(i?) such that Kx + A 
is Q-Cartier, and a Q R is an ideal. Then the set of F- jumping numbers o/t(X, A,a*) is 
a discrete set of rational numbers. 

In particular, the F-jumping numbers of arbitrary ideals in formal power series rings are 
always discrete and rational. This includes as a special case the rationality of the F-pure 
threshold, the positive characteristic analog of the log canonical threshold in characteristic 
zero. It is interesting to note that, while Theorem A implies Theorem B a posteriori, in fact 
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the discreteness and rationality of F-jumping numbers is a central ingredient in the proof 
of Theorem A. 

The new perspective we are arguing for in this article can be summarized heuristically as 
follows. Before embarking upon Frobenius manipulations to compute the test ideal t{R, a*), 
one should first blowup the ideal a (or alternately take a log resolution if available) so as 
to principalize a. This in turn allows many of the methods from the principal case to 
go through at the technical expense of using relative cohomology vanishing theorems in a 
manner reminiscent from characteristic zero. Roughly speaking, the proofs of Theorems 
A and B both proceed in this fashion. However, they additionally require us to generalize 
effective tools for the computation of test ideals from the principal case to the non-principal 
case. 

Recall from |BMS08j that if R is regular, a = (/) is principal, and t = a/p^, then 
r(i?,a*) = (a'')[i/?''l where indicates taking the image under the trace of the e- 

iterated Frobenius. Alternatively, the trace map can be described in this case via the Cartier 

isomorphism (see Section 2). The [^/^^l-operation, alternately denoted Ie{ ) in [KatOSj . is 

highly computable and has in fact been implemented in Macaulay2 by M. Katzman (along 
with generalizations to not necessarily smooth ambient spaces using [BSTZIO] ). However, 
this recipe fails when a is not principal, and the lack of a similarly effective description has 
been an obstruction for computing examples of t{R, a*) with non-principal a. In an attempt 
to fill this gap, we obtain the following result (which as noted before, is a crucial component 
in the proofs of Theorems A and B). 

Theorem C (Effective computation of test ideals, [Theorem 4.4p . Suppose that X is a 
Gorenstei?^ scheme, a C Ox is an ideal, and to € Q>o is a positive rational number. Set 
vr : Y — > X to be the normalized blowup ofY with Oy{—G) = a ■ Oy- Let M denote the 
kernel of the natural ma'^ 

F,{T{iOY,^*Kx)®OY{{l-p){^*Kx))) T{iOY,TT*Kx) 

induced by the trace map F^^uy — > i^y- Fix ei S Z>o such that 

R^TT.iMi-fG)) = 

for all f > p^^tQ (possible since —G is -K-ample). Then for any t = a/p^ € Q>to '^''^d any 
e > max(ei,6), we have 

t(X, a') = t{ux, Kx, 0*) = Tr^ (vr.F,^ (T(a;y, 7t*Kx) ^ ((1 - p')7t*Kx - /tG))) . 

In practice, we expect that working values of ei can be detected via relative Castelnuovo- 
Mumford regularity jOoi821 Theorem 2]. Furthermore, we also obtain a more general result 
which allows for the effective computation of t{X, A, a*) for all t > and arbitrary triples 
(X, A, o) such that Kx + A is Q-Cartier in lTheorem 4.11 

In addition to extending results from the principal case, our new perspective also leads to 
alternative proofs and entirely new statements for test ideals by allowing us to mimic pre- 
viously unavailable arguments from characteristic zero. Recall that, by combining a Koszul 
complex construction on a resolution together with the Kawamata-Viehweg vanishing theo- 
rem, one shows that multiplier ideals satisfy the Skoda-type relation J^{R, o*) = J^{R, o*~^)o 
for t greater than the number of generators of a (see |Laz04t Section 9.6]). Inspired by this 
result, Hara and Takagi showed that the test ideal satisfies the analogous Skoda-type rela- 
tion jHT04t Theorem 4.1]. However, Hara and Takagi's (simple) proof bears little resem- 
blance to that from characteristic zero; more importantly, it is also comparatively weaker 



In fact, as stated, quasi- Gorenstein will suffice. 
^Recall t{ljy,T) can be defined to be t{Y, -Ky + T). 
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in the sense that it does not yield further global statements. Using our new perspective, 
in Proposition 2.3 we give an alternative proof of Hara and Takagi's result which closely 
mimics the proof of Skoda's theorem for multiplier ideals. Notably, we make use of the 
Koszul complex on the blowup but must replace the use of the Kawamata-Viehweg vanish- 
ing theorem in characteristic zero with asymptotic Fujita and Serre vanishing in positive 
characteristic. Furthermore, this alternative line of argument then allows us to approach 
previously unknown statements for test ideals in the global setting. 

So as to state our result in detail, recall first that Ein and Lazarsfeld have used the 
Koszul complex construction for multiplier ideals mentioned above in the non-local setting 
to obtain the following global division theorem for sections of adjoint line bundles. 

Theorem. (Global division theorem for multiplier ideals, [EL991 Proposition 1.1 (ii)] |Laz041 
Theorem 9.6.31]) Consider an ideal sheaf a on a nonsingular projective variety X over an 
algebraically closed field of characteristic zero. Fix integral divisors A and L on X such 
that A — Kx is big and nef and L has r global sections 

si,...,s^ G H^{X,OxiL) a) 

generating Ox{L) f'^^ some reduction c C a o/ a (by replacing the Si with general 

linear combinations, we may assume that r < n + 1). Then for any m > r, any section 

s G H\X, Ox{mL + A) ®Ox J{X, vT)) 

can be expressed as a linear combination 

s = ^ hiSi 

with hi G H^{X, Ox{{m - l)L + A)(^ J{X, a™"!)). 

In particular, the tensoring with the ideal J7(X, o™) can be viewed as a correction factor 
for which global sections can be pulled back via multiplication maps. For example, if o is 
smooth of codimension d, then J^{X, a*") = d^~'^. The proof of this result heavily uses the 
Kawamata-Viehweg vanishing theorem |Kaw821 IVie82] . 
Another way to interpret the subspace 

H^X, Ox{mL + A) ®Ox a™)) ^ ^°(^, Ox{mL + A)) 

is as follows. If TT : y — > X is a log resolution of a with a • Oy = C'y(— G), then 

H^{X, Ox{mL + A) ®Ox Ji^. 

can simply be identified with the image of the (Grothendieck-)trace map 

H^{Y, Oy{Ky + m-K*L + tt*{A- Kx) - mG)) ^ H^{X, Ox{Kx + mL + A- Kx)). 

Motivated by this observation, our last main result is to obtain a version of Ein and 
Lazarsfeld's global division theorem in characteristic p > 0. Firstly, we replace the multiplier 
ideal by the test ideal. Unfortunately, even with this replacement, the aforementioned 
vanishing theorems are false, and so we must correct not only for the local singularities of 
V{a) using the test ideal, but also for the potential global failure of Kawamata-Viehweg 
vanishing. We do this by further restricting our sections to take this into account, the new 
set of sections is denotecH by P^. First however, we state our theorem: 

Theorem D (jTh eorem 8T| [Theorem 2.4p . Suppose that X is a normal n-dimensional pro- 
jective variety over an algebraically closed field of characteristic p > 0, and A > is a 
Q-divisor such that Kx + A is Q-Cartier. Suppose that a C Ox is an ideal sheaf and 



■^In a previous version of this preprint, these sections were denoted by P°. 
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L is a Cartier divisor such that Ox{L) ® c is globally generated by sections si,...,Sr € 
r{X,Ox{L) ® c) for some reduction c C a o/ o (by replacing the Si with general linear 
combinations, we may assume that r < n + 1). Fix M a Cartier divisor on X such that 
M — Kx — A is nef and big, and fix a positive integer m. > r. Then any section 

s G P°(x,Ox(M + mL) (8)r(X,A,o"')) C H°{X,Ox{Kx + inL + A)) 

can be expressed as a linear combination 

s = ^ hiSi 

with hi € OxiM + (m - 1)L) ® t{X, A, a™-^)) . 

In particular, instead of merely considering H^{X, Ox{Kx + itlL + A) ®Ox ■^{^^ 
we instead consider a subspace 

P^{X,Ox{Kx + mL + A) ®Ox riX^a"^)) H\X,Ox{Kx + mL + A)). 

This is the subspace obtained similarly to the multiplier ideal. Indeed, suppose that vr : Y — > 
X is now the normalized blow-up of a (or any further blow-up). We define P^{X, Ox{Kx + 
mL + A) 0Ox '^i-^j '^™')) to be the sum of images of the (Grothendieck-)trace maps 

OyiKy + mp^7r*L + tt*p%A - Kx - A) - m,p''G - p'^D)) 

H^{X,Ox{Kx+mL+{A-Kx))). 

for e 3> 0. Here is simply the e-iterated Frobenius and D is a sufficiently large effective 
divisor on Y (it is an almost negligible correction term since e ^ can be taken to be 
large) . 

The first reasonable question one might ask is why there might be any sections of this 
form at all. However, very recently there have a number of results proving that sections 
roughly of the form are abundant in characteristic p > 0. For example, in [Schllj it was 
shown that under certain circumstances, these sections globally generate test ideal sheaves 
(precursors to this result were obtained in jSmi97j . |Har05) . |Kee08] ). In [Schllj . it was also 
shown that these sections lift from subvarieties to ambient varieties via adjunction in some 
cases. In |Musll| . it was shown that these sections can even be used to globally generate 
test ideals associated to linear series, analogous to |Laz041 Corollary 11.2.13]. In |MS12j . 
it was shown that these sections can be detected by the Seshadri constant or an even finer 
positive characteristic analog of the Seshadri constant. In |CHMS12] these sections were 
studied for pseudo-effective divisors. In the final section of this paper, we also explore the 
ubiquity of these sections in the case of curves. Theorem D can then be viewed as another 
piece in this puzzle, showing that these sections can be lifted via multiplication maps. 

There is one key difference from our statement and Ein and Lazarsfeld's statement in 
|Laz04t Theorem 9.6.31] however. There, if you have a section s G H^{X, OxiKx+mL+A)) 
that vanishes to a sufficiently high degree along a, then s is automatically contained in 
H^{X, Ox{Kx + mL + A) ®Ox ^{^^ i^™)) (this follows from basic properties of multiplier 
ideals J'(X, a™")). Unfortunately, we also have global arithmetic considerations as well and 
we do not see how to obtain the same result. In particular, this restriction seems to prevent 
us from obtaining a global effective Nullstellensatz in characteristic p > 0, which was the 
main result of |EL99] . Of course, in the affine setting, the effective Nullstellensatz is already 
known, even in characteristic p > |Bro871 fKolSSl . 

Again, we emphasize that one of the most interesting features of this last result is its 
proof. In particular, our proof almost exactly mimics the global division theorem proof from 
characteristic in that we study a Skoda complex on a blowup vr : y — )■ X, push it down, 
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and use vanishing statements to obtain the requisite surjectivity. Similarly, in the future, 
we hope that the perspective and methods of this article will allow other characteristic 
zero arguments for multiplier ideals to yield new statements for test ideals in characteristic 
p>0. 

Acknowledgements: The authors would like to thank Marc Chardin, Christopher Hacon 
Markus Lange-Hegermann, Mircea Mustafa and Wenliang Zhang for valuable discussions. 
We also thank Wenliang Zhang for comments on a previous draft of this paper. The 
particular construction of the special sections done by twisting by —D in order to obtain 
asymptotic vanishing via Frobenius was first studied in this context in an unpublished work 
of C. Hacon and the first author. 

2. Sketch of main ideas in simple cases 

In this section, we will give an overview of the main ideas of this paper for an ideal pair 
on a smooth ambient variety. This simplified setting is both interesting in its own right, 
and renders transparent the essential ideas of the more general arguments. 

We start by reviewing and generalizing a simple description of test ideals in this setting 
from [BMS08] . Suppose X is a smooth ?i-dimensional variety over an algebraically closed 
field of characteristic p > 0. Let ux denote the sheaf of n- forms on X, and denote by 
F: X — 7- X the (absolute) Frobenius morphism determined by taking regular functions to 
their p-th powers. 

The key tool we will need is the trace map Tr = Trx : F^ujx — > ^x- This is a surjective 
map that can be described as a trace map for duality with respect to F, or equivalently as 
the map on n-forms via the Cartier isomorphism. Given algebraic coordinates xi,. . . ,Xn 
on an open subset of X, the trace map is characterized by 

if ^ — 1 mod {p) for some j 
n-p+i »7i-p+i ) 
x-^^ ■ ■ ■ Xn ^ dxi A • • • A dxn otherwise 

see |BK051 Section 1.3]. Iterating this map e-times (pushing forward via Frobenius as 
needed) , we obtain a trace map Tr^ : F^ux — > tJx ■ 

If C Ox is an ideal sheaf one can use the surjectivity of trace to show that the images 

Tt'iF^iaP'ux)) C Tr'+\F,'+\aP'^'cox)) 

are increasing subsheaves of lox, and hence must stabilize for e ^ by the Noetherian 
property. As ux is invertible, there is an ideal t{X, a) called the test ideal of a such that 

Tr%F,'{aP'ojx))=r{X, a)ux 

for all sufficiently large e ^ 0. Alternately, the test ideal t{X, a) can also be described as 
the smallest nonzero ideal J C Ox such that 

(2.0.2) T?{Fl{a^^'-'^\j)) C J 

for all 6 > 0. We now give a slight variation on the former description. 

Proposition 2.1. Suppose that a is an ideal sheaf on a smooth algebraic variety X , ir: Y — > 
X any proper birational morphism such that Y is normal and aOy = Oy{—G) is the locally 
principal ideal sheaf of an effective Cartier divisor G, and D an effective Cartier divisor on 
Y such that D > Ky - ■k*{Kx) + {d+ l)G where d = dimX. Then 

(2.1.1) Tt%F^,tt,Oy{Ky-p'G - D)) = r(X, o)a;x 

for all e » 0. 



Tr(F*j;*/ ■ ■ ■ x^ dxi ^ ■ ■ ■ ^ dxn) 
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Proof. We may assume that X is affine and that Kx = 0. For simphcity, we set be := 
Tr^:OY{KY—p'^G — D) which is an actual ideal sheaf since Kx = and Ky > is exceptional. 
We first claim that the images from (2.1.1) ascend as e increases and so eventually stabilize. 
It is sufficient to show that be ^ Tr(F*be+i) or in other words that b[P' C be+i, cf |Fed83[ 
Lemma 1.6]. Let / G be, so that divy(/) + Ky - p^G - D > 0. Thus fP G b|f' and 
divY{fP)+pKY-p''+^G-pD > 0. On the other hand pAV-p'^+^G-p-D < Ay-p^+^G-D 
since D > Ky and the claim is proven. 

We now show that be ^ which will gives us the containment C based on the description 
of the test ideal above. Now, certainly 



be = TT.OYiKY - p^G -D)C tt,Oy{-p^G -{d+ 1)G) = a^'+'^+i 
from our choice of D. But by the Briangon-Skoda theorem |LT81l [LS811 IHH90j . we know 



For the reverse inclusion we use the characterization of the test ideal given in (2.0.2) Fix 
e ^ and then notice that 



Tr^ (^Fi'(a(P TV^(F,^be)) j C Tr''+^ f F^'+^vr.Oy (ATy - {p^ + p^p^ - 1))G - D) 

C Ti^+^ [FI+^^^Oy{Ky - p^^^G - D) 
= Tt^+' {Fl+-hk+e) 



□ 



The advantage of this generalization is that it naturally allows one to make use of certain 
cohomology vanishing theorems. In the notation of the Proposition, we are in fact free 
to take the divisor D to be arbitrarily large; in particular, when vr is projective, we may 
take —D with as much relative positivity as desired so as to apply vanishing theorems. For 
instance, if tt is the normalized blowup, this can easily be achieved by using that —G itself 
is relatively ample. It is precisely these vanishings that lead to our main results. Note also 
that we have chosen a D above that makes the proof easy, and likely not the smallest D 
one could choose. 

In order to obtain effective computation of test ideals via the above characterization, it 
is essential to bound the e ^ required for stabilization. Roughly speaking, the next result 
does this where tt : Y — > X is the normalized blowup of o. Along the way, we make use of 
the parameter test sheaf t{ujy) |Smi951[BSTll| which replaces both D and Ky in the above 
description. Recall that since Y is normal and wy is reflexive, the map Tr : F^uju — > uu 
on the smooth locus U CY extends to all of Y. We then have that r(a;y) is by definition 
the smallest non-zero subsheaf J C uy such that Tr(i^* J) C J. In fact, it thus follows that 
Ti:{F^t{ujy)) = t{ujy) since, if it was not surjective, the image would be a smaller ideal 
satisfying the same condition. Similarly, for any effective D on Y and all d ^ 0, one has 
Tr'^{F^T{ujY)i-D)) = T(a;y) (for example, see |STZ12l Proposition 2.2(4)]). 

Theorem 2.2 (Effective computation of test ideals). With notation as above, set M to be 
the kernel of Tr : F^,t{ujy) — > r(a;y). Fix e > such that 

(2.2.1) R^^M{-dG) = 

for all d > p'^ (which is possible since —G is n-ample). Then 



t{X, a)ux = TY^ (F>*(r(a;y) ® Oy(-p^G))). 
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Proof. First, we may clearly assume X is afRne and that Kx = 0. Fix D sufficiently large 
and Cartier such that Tr^(F^%*Oy (/Cy - p^G - D)) = r(X,a) for e » 0. By making D 
bigger if necessary, we can assume OyiKy — D) CL t{ujy)- We also know that 

Tr'^ {F^{t{ujy) CS) Oy{-D))) C Tr'^ {F^{uy Oy{-D))) C t{uy) 

by the definition of t{ujy) for any d > 0. 

Let us first show how to get rid of Ky and D at the expense of incorporating t{ujy) in 
our description of the test ideal t{X, a) - but without worrying about bounding e > 0. As 
mentioned immediately preceding the statement of the theorem, we may hx d ^ such 
that 

F^{t{ujy) Oy{-D)) ^ t{ujy) 

is surjective. If /C denotes the kernel of this map, then R^TT^ICi-p^G) = for e » by 
relative Serre vanishing, and so the composition 

F^TT^iriuY) OYi-D-p^+^G)) h FtTT^M-D-p'+^G)) ^ ^,{t{uy){-p'G)) 
is surjective. Thus, applying F^{ ) and Tr^( ), we may conclude that 

^^e+d _pe+d^))^ ^ ^r^ (r(^y)(-p^G))) 

and it immediately follows that Tr"^ [F^-k^,{t{ujy) ® Oy{—P^G))) = t{X, a)ujx for e » by 



Proposition 2.1 



At this point, all that remains is to bound e. To that end, note that for the e defined in 
the statement of the theorem, the vanishing (2.2. 1)| implies that 



TV^ [F-ti,{t{ujy) ® Oy{-p'G))) = Tr^+i [F-+^tt,{t{loy) ® Oy{-p'+^G))) 

= Tr^+2 ^f^+2^,{t{uy) ® Oy{-p'+^G))) 

and so the theorem now follows. □ 

In the simple case under consideration in this section (for an ideal sheaf o on a smooth 
variety X), Theorem A can readily be seen to follow from the above result. In this situation 
(ignoring the scaling coefficient t). Theorem A asserts that there exists an alteration rj : 
W X with Ow{-H) = a-Ow such that r(X, o)a;x = Tr^ {r]^Ow{Kw - H)). This 
is direct from the above theorem if one picks 'y : W — > Y such that Tr^(7,,C'vy(-fCiy)) = 
t{ujy), whose existence is guaranteed by [BSTllj . and then sets = vr o 7. Similarly, 
after incorporating the scaling coefficient t into the above effective computation result in 
[Theorem 4.H we will be able to prove Theorem B on the discreteness and rationality of 
F-jumping numbers by using the above characterization to reduce to the principal case on 
the normalized blowup. 

Next, let us sketch the alternative proof of Skoda's theorem for test ideals mentioned 
in the introduction. Suppose momentarily we are in the local setting where X is affine 
and has a reduction generated by si,...,Sr € Ox- If once more vr : Y — > X is a 
proper birational morphism such that Y is normal and oOy = Oy (— G), then 7r*si, . . . , TT*Sr 
are globally generating sections of Cy(— G). This implies (7r*si)^ , . . . , (Tr*^,.)^ globally 
generate Oy{—P^G) for any e > 0, and we may form the corresponding Koszul complex 

0-^ ^T~\ • • • ^1 ^0 

where = Oyiip'^G)®^^^ and each of the maps are essentially given (up to sign) as 
multiplication by the sections {7r*SjY'' . Note that this complex is exact (locally) since ^0 
is invertible, |BH931 Theorem 1.6.5]. Since this complex is a locally free resolution of the 
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(flat) sheaf ^q, this complex remains exact after tensoring by any quasicoherent sheaf on 
Y. 

Let m > r be an integer and D > Ky — ir*Kx + {d + l)mG an effective Cartier divisor 
on Y. Tensoring the Koszul complex by the (not necessarily invertible) sheaf Oy{Ky — 
p^{'K*Kx + mG) — D) preserves exactness, and the i-th entry becomes = Oy{Ky — 
p'^{Tr*Kx + {m — i)G) — D)®(i\ Using a relative version of Fujita's vanishing theorem 
|Kee03l Theorem 1.5], since p^{Tr*Kx + {"rn — i)G) is relatively nef for all i and any e, we 
may choose D sufficiently large and vr-antiample that R^n^'^^i = for all i, any j > 0, and 

arbitrary e > 0. Hence our complex remains exact after applying 7r*( ) (start from the left 

and work right via short exact sequences), and as ) is exact {F is finite) we have that 

the complex 

F^7T,% F>,^,_i > F^7T,% 

is exact on X. Furthermore, after having applied F^{ ), we may view the arrows as given 

by multiplying by si,...,Sr- Taking images under Tr^ preserves exactness on the right, 
giving a surjection for e ^ by Proposition 12.11 

t{X, a— 1)®'' '^•••'^^ ) t{X, a*") 
whence we immediately recover the following well-known result. 

Proposition 2.3. |HT04l Theorem 4.1] Suppose X is a nonsingular affine variety, and 
si, . . . ,Sr G Ox generate a reduction of an ideal a. Then 

r(X,a™) = 5^s,r(X,a— ^) 

i 

for all m > r. 

Roughly the same idea can easily allow us to also handle log Q-Gorenstein triples {X, A, a*). 
Of course, the novelty lies not in the above statement, but rather in its proof - which di- 
rectly mimics the proof Skoda's theorem for multiplier ideals given in |Laz041 Section 9.6]. 
Furthermore, by following the same line of argument, we shall soon arrive at a positive 
characteristic analog of the global division theorem shown therein. 

Let us now move to the global setting and consider an ideal sheaf a on a nonsingular 
projective variety X. Fix integral divisors A and L on X such that A is ample and such 
that L has r global sections 

si,...,sr G H°{X, Ox{L) 0ox a) 

generating Ox{L) some reduction c of a. Consider any proper birational map 

vr: Y — > X from a normal variety Y onto X that dominates the blowup of X along a, so 
that aOy = Oy(— G) for some effective Cartier divisor G on Y. 

Our main goal is to show that some special sections of := OxiKx + ^L + A) vanishing 
along t{X, a^) for some integer m > r can be written as a linear combination of the Si - and 
the approach will mimic that from above. We will essentially use the perturbation divisor 
D in the description of the test ideal from Proposition 12.11 together with the positivity of 
A to force certain vanishings to hold and arrive at an exact complex - the image of which 
under trace will give the desired result. However, this means we can only hope to show the 
division theorem for those sections that are themselves always in the image of the trace map. 
We note that this type of idea has appeared in various places, such as |Smi97| and |Har05] . 
where one forms the section ring with respect to a line bundle and then takes graded pieces 
of the test ideal on that section ring. One advantage of our formulation is it makes it more 
convenient to work with multiple line bundles on several varieties simultaneously. 
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To that end, setting ^g /^, := OyiKr — p'^{tt*Kx + niG) — D) for an effective Cartier 
divisor D > Ky — tt*Kx + {d+ l)mG, we have from Proposition 2.1| that 

Tr^(-^ ®Ox F^^K'^S^ = ^ ®Ox r{X, a^. 

e>0 

In particular, Tr*^ also induces a map on global sections 

Tr^ (^H\Y, {7r*^f <^Oy -^^S)) ^ ^°(^' ^(^' 
and we can only hope to show the division theorem for those sections in 

P\X, Ji riX, a™)) := n E (^°(^' (^*-^)''' -^eS)) 

D e>0 

where the intersection is over all possible effective Cartier divisors D on Y . Note that this 
intersection does stabilize, as it is an intersection inside the finite dimensional vector space 
H^{X, ^ ®Ox '^{^1 '^™))- We also notice that we need the X]e>o since a priori it is unclear 
whether the images form an ascending chain as e varies. We now come to the statement of 
the positive characteristic analog of the global division theorem. 

Theorem 2.4. Consider an ideal sheaf a on a nonsingular projective variety X . Fix integral 
divisors A and L on X such that A is ample and L has r global sections 

si,...,SreH\X,Ox{L) ®Ox a) 
generating Ox{L) ®Ox /'^'^ some reduction c of a. Then for any m > r, any section 

s G P\X, Ox{Kx + mL + A) ®Ox ^(^, a"")) 
can he expressed as a linear combination 

s = E 

with hi G Ox{Kx + {m- l)L + A) r(X, a™"!)). 

Proof. Consider any projective birational map vr: Y — > X from a normal variety Y that 
dominates the blowup of X along a, so that aOy = Oy{—G) for some effective Cartier 
divisor G on Y . The sections 7r*si, . . . ,7r*s,. globally generate sections of Oy{t^*L — G), 
hence also (7r*si)^ , ■ ■ ■ , {'^*SrY globally generate Oy(j>'^{'^*L — G)) for any e > 0. Begin 
by forming the corresponding Koszul complex 

^r~l • • • ^1 ^0 

where = Oy (— ip'^(7r*L — G))®(») and each of the maps are essentially given (up to sign) 
as multiplication by the sections (7r*Sj)^ . As before, this complex is a locally free resolution 
of the (flat) sheaf = Oy, and so remains exact after tensoring by any quasicoherent sheaf 
on Y. Set 

A^. = Ky+ j/(7r*L -G)+ /vrM - D 
for j = 0, . . . ,m. After we tensor the Koszul complex above by Oy(Am), the i-th entry in 
the complex becomes = (Am,_j)®(i) . 

Since -k*L — G is globally generated, it is certainly nef. Furthermore, since A is ample on 
X, we may take e and D sufficiently large (i.e. —D sufficiently vr-ample) so that p^tt*A — D 
is ample. Possibly increasing e and D further, we may once more apply the relative version 
of Fujita's vanishing theorem |Kee03j to guarantee 

W^,Oy{km-i) = W{Y, Oy{Am-i)) = 
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for all j > and alH > 0. This gives that the complex 

F^TT,% Vr*^r-1 > F^TT.^i F^7T,% 

is exact, and furthermore that it remains exact after taking global sections. Thus, we have 
once more a surjective map 

(2.4.1) TV^ Tr^ 

where our notation on the left indicates that the trace map has been applied individually 
to each direct summand of 

= [H\X,F^^T,OY{A.^-l))f" . 

We then have that both 

J^TY^ {H\X,F^7T,':^i)) = [P^{X,OxiKx + {m-l)L + A) r(X, a'"))] ®'' 

e>0 

and 

Tr^ {H'{X, = P'iX, OxiKx + ml + A) riX, a"")) 

e>0 

hold, and the desired conclusion now follows immediately from the surjectivity of (|8.2.3p . □ 

At this point, our goal for the remainder of this article is essentially to push forward the 
above arguments to the general setting. Once again, the first step is to generalize previously 
known descriptions of the test ideal so as to gain access to certain cohomology vanishing 
theorems. 

3. Alternate description of test ideals 

In this section we introduce two alternate descriptions of test ideals which will motivate 
what we do later (and gives a posteriori motivation for the definitions in [Section 2p . The 



reader who is not interested in these formalities is invited to skip ahead to Proposition 3.6 
and take either as the definition of the test ideal. The second description will be useful in 
the proof of [Theorem 4.11 while the first description will appear in [Theorem 8.11 

Convention 3.1. Throughout this paper, all schemes X will be Noetherian, separated and 
of equal characteristic p > 0. They will additionally be assumed F-finite, meaning that the 
(absolute) Frobenius morphism F : X — > X is finite. This implies that all our schemes are 
locally excellent [Kun76j . We further assume that all schemes have dualizing complexes uj^ , 
which is automatic in the case of F- finite affine schemes by |Gab04] . Finally, we assume 
throughout that F^oj^ — wj^, which is true on sufficiently small affine charts of any scheme, 
as well as on schemes of finite type over any scheme for which this property holds {e.g. 
varieties over a perfect field); for additional discussion of this last condition, see |BSTZ10] . 

Definition 3.2 (The trace map). Suppose that X is an integral scheme satisfying the above 
conditions. Then Grothendieck dual to the Frobenius map Ox — > F^Ox we obtain a map 
F^ijo'j^ — > oj'x on the dualizing complex (shifted so that the first non-zero cohomology is 
in degree — dimX). By taking the — dimX cohomology, we obtain a map of canonical 
modules F^cox — > which we denote by Tr*^ and call the trace map. More generally, 
for any morphism p : Y — > X between integral schemes of the same dimension, one can 
construct Trp : p^c^jy — > lox in a similar manner; see [BSTIH Proposition 2.18] for further 
discussion. 
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Definition 3.3. A (log (Q-Gorenstein) triple (X, A,a*) is a normal integral scheme X 
together with an effective Q-divisor A on X such that Kx + A is Q-Cartier and an ideal 
sheaf on X with a non- negative real coefficient t. 

Definition 3.4. Suppose that (X, A,o*) is a log Q-Gorenstein triple with X = Speci? 
affine. Then the test ideal of (X, A,a*) is denoted by t(X, A,a*) and defined to be the 
unique smallest non-zero ideal J satisfying the following condition: for every e > and 
every section (p € }ioino^{F^Ox{\{p^ — Ox), one has 

Here we view {a^^'-P" ''^^'^ J) C F^Ox ^ F^OxHip" -l)^])- I* is straightforward to verify 
that the test ideal is compatible with localization, and hence this definition can be extended 
to triples where X is not affine by gluing in the obvious manner. 

Let us also briefly record the following lemma for later use. 

Lemma 3.5. Let t] : Y — > W be a proper birational map between normal varieties. Suppose 
that T is a Q-Cartier divisor on W, and E > is a Weil divisor on Y. For each e > 0, 
there is a natural inclusion of sheaves 

rj.OviKY - [p'r]*r\ - E) C Ow{Kw - Lp^J). 

Furthermore, there exists a divisor D > Q onW such that 

r],OY{KY - [p'r]*T\ - E) ^ Ow{Kw - L/rj - D) 

for all e > 0. 

Proof. Both statements immediately reduce to the case that is W is affine, which we now 
assume. After identifying the function fields K{Y) = K{W), we have a natural inclusion 
r].fOY{B) C Oy{t]*B) for any Weil divisor B on Y . Using that E is effective, this immedi- 
ately gives the first statement. For the second, start by taking any effective Cartier divisor 
C oxiW such that r]*C > E — Ky- Now let D be any effective Cartier divisor on W such 
that D > Kw + C + Supp T. We have 

Kw - [pTj - D< -Lp^rj - SuppF - c < -p^r - c 

and also 

-/7?*r - 7?*c < \-p^ifT'] + Ky-e = Ky- L/??*rj - e. 

But now / G Ow{Kw - [p'Tj - D) if and only if divH/(/) + Kw - [pTJ - D > which 
implies that div^y (/) — p'^F — C > 0. Therefore, with such an /, divy(r/*/)— p'^r/*r— ?/*C > 0, 
which implies that divy(7/*/) + Ky — \j)'^r]*T\ — E > 0. This completes the proof of the 
second statement. □ 

We now give an alternate description of the test ideal. In particular, this description can 
be interpreted as a description of the test ideal, similar to that of a multiplier ideal, except 
that instead of a resolution, we take a blowup and then repeatedly apply Frobenius. 

Proposition 3.6. Let (X, A,a*) be a log-Q-Gorenstein triple. Consider any proper bira- 
tional map TT : Y — > X from a normal variety Y that dominates the blowup of X along a, 
so that aOy = Oy{—G) for some effective Cartier divisor GonY. Then we have 

r(X, A,a*) = n n f E {f^*^^;^"')] 

D eo>0 \e>eo / 
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where the intersection ranges over all effective divisors DonY and we set 

■^eTo' = Oy{\Ky - p'iTT^Kx + A) + tG)] - D). 

Furthermore, this intersection stabilizes for all sufficiently large divisors D, and for some 
cq depending on D. In other words, there exists an effective divisor D and some cq > 
such that 

e>eo 

and moreover the same equality holds after increasing the size of D or cq ( although one is 
free to take cq = for D large enough as well). 

Proof. We can assume that X is affine. It is well known that there exists a Cartier divisor 
So > on X (the vanishing locus of a test element) and some eo > (or any eo > 0) such 
that for all Cartier B > Bq we have 

r(X,A,a*) = Ze>eoT^'^'FH^^'''^^ ■Ox{\Kx-p'{Kx + A)-B])) 

(3.6.1) 



Ee>eoTr^^*^ • Ox{\Kx -p^Kx + A) - 51) 



For example, see |HT041 Lemma 2.1] or [BSTZlOl Definition-Proposition 3.3]. Note the 
rounding is slightly different from other sources, but these differences may all easily be 
absorbed into Bo. Similarly, the fact that we are taking the integral closure of a'-*?'''-! can be 
absorbed into Bq as well using the tight-closure Briancon-Skoda theorem |HH941 Theorem 
5.4]. 

Fix H > on X such that 

tt.OyUKy -p'tt^Kx + A)1) D Ox{\Kx -p%Kx + A) - H]) 

for all e > bv lLemma 3.51 Thus observe that 

tt.OyHKy - P%7r*iKx + A) + tG) - tt* B]) 
2 tt^OyHKy -p^Tr*{Kx + A)-Tr*B]- \pHG]) 
D a^P^*^Ox{\Kx-p^{Kx + A)-H-B]). 

Applying Tr*^ to both sides and summing up, we then arrive at the containment 



r(X,A,a*)C f~] TY^ fevr,<;J^ 



II I I ' . /I 

D,eo>0 \e>eo 

by noting that, given any D, we can always find B > Bq such that tt*B > D. Also note 
that we may assume that eo 3> 0. 

The reverse containment is similar; however, note that it suffices to show for some fixed 
D that 

(3.6.2) J2 ^ ^(^' ^' '^*) 

e>0 

which will simultaneously verify (all of) the stabilization statements as well. To that end, 
we need show a claim which plays the same role as lLemma 3.51 did above. 

Claim 3.7. There exists a divisor D' on Y such that, for all e > 0, 



^,Oy{\Ky -p%t:*{Kx + A) + tG) - I)'l) C aLP=*J • Ox{\Kx-p%Kx + A)]). 

Before proving the claim, let us finish the proof of Proposition l3.61 By taking D = tt* Bq+D' , 

twisting the containment from the claim by Ox{—Bq), applying ) and Tr'^( ) to both 

sides, and summing up over e > 0, we see that (j3.6.2p follows immediately from (j3.6.ip . □ 
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Proof of Claim. The statement is local, so we continue to assume that X is affine, and may 
further assume Kx > 0. Let n be the index of Kx + A, and let C be an effective Cartier 
divisor on X such that C > n[Kx + A) — Kx- Then for all e > we have 

- [^\n{Kx + A)-C<Kx- p'{Kx + A) < \Kx - v\Kx + A)] 
n 

and so it suffices to find D' satisfying 

I 



tt^OyHKy -p'{7t*{Kx + A) + tG) - D']) C alp'^i ■ Ox{-[-\n{Kx + A) - C) 

n 



for ah e > 0. Now, since aLP"*J = 7r*C'y(- [p^tJG) and - l^]n{Kx + A) - C is Cartier, we 
have by the projection formula that 



ab^tj .0^(-L^Jn(/fx + A)-C) = a^p^^i Ox{-[^\n{Kx + A) - C) 

= 7T,OYi-l^\mT*iKx + A)-7T*C-[pH\G) 

so it suffices to find D' satisfying 

g 

\Ky - p^{7r*{Kx + A) + tG) - D'] < - [^\mr*{Kx + A) - 'k*C - [pH\G 

n 

for all e > 0. Then notice that 

\Ky -p^{T:*{Kx + A) + tG)~\ + [^\m:*{Kx + A) + + \pH\G 

< Ky- [p^TT*{Kx + A)J - [pHG\ + [^\m:*{Kx + A) + 7r*C + [pH\G 

< KY + 7r*C-[{J^-[Pi\)n7:*{Kx + A)\ - [{pH - [pH\)G\ 

< Ky + vr*C 

and so any D' > Ky + 7r*C verifies the claim. □ 



Remark 3.8. The only novel part about Proposition 3.6 is the fact that we use the divisor 



on y as a replacement for a test element on X. The reason that this is useful is that, 
if TT is projective, we may choose D to be relatively ample. It follows then that the divisor 
—p^{'K* [Kx + A) + tG) — D is also relatively ample (since —■k*{Kx + A) and —G are both 
relatively nef). 



Remark 3.9 (Sufficiently divisible e > and (p^ — 1)) . One can vary the setup of Proposition 3.6 
in a number of different ways. For example, in the notation found therein, for each e and 
D set 

^eA"' = Oy{\Ky - (/ - l)(vr*(i^x + A) + tG)] - D). 

It is easy to see that -^/^ ^j" may be replaced with throughout by absorbing the 

difference into D. Furthermore, additionally suppose now that the index of Kx + A is not 
divisible by p. One may then also easily show that 




(3.9.1) r(X,A,o*) = 

The point here is that this description concerns only sufficiently divisible values of e. To see 



that this is possible, simply observe in this case that (3.6.1) holds for a sum over sufficiently 



divisible e (for example, by [BSTZlOl Proposition 3.9]) and repeat the arguments of the 



Proposition 3.6|for such divisible e. 



The advantage of (13.9. 1|) is that since p does not divide the index of Kx + A, and if 
furthermore p does not appear in the denominator of t, one can arrange that (1 —p'^){Kx + 
A + tG) is integral for all sufficiently divisible e and so the roundings in the definition of 
_D unnecessary. 
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Next we observe that Keeler's relative version of Fujita's vanishing theorem, |Kee031 
Fuj83] gives us the fohowing relative vanishing theorem for test ideals. 



Proposition 3.10 (Relative vanishing for test ideals). In the notation of Proposition fX 
assume further that vr : Y — > X is projective. Then there exists a divisor D>OonY and 
an eo >0 such that 

t{X, a, a*) = Tr'^ {f^tt,Oy{\Ky - p'tt*{Kx + A + tG) - i^l) 

e>eo 

and also such that R^tt^^OyHKy - p'^7r*{Kx + A + tG) - D~\) = for all i > and all 
e > cq. 

Proof. The statement is local, so we may assume that X is afhne. Fix D' to be any effective 
TT-antiample divisor. Suppose that n[Kx + A) is Cartier and nt is an integer. Fix ^ to be 
the direct sum 

n— 1 n—1 

0Oy([Ky-i(vr*(Ax + A) + tG)l) = 0^,. 

By Serre vanishing (or [Kee03l Theorem 1.5]), there exists an tuq > such that 

(^ OYimD') (g) ^) = 

for any m > ttiq, i > 0, and vr-nef invertible sheaf ^yV. Thus the same vanishing also holds 
for the summands By choosing a sufficiently large effective Cartier divisor B on X, 
we may assume D = mD' + 71*3 satisfies the stabilization conditions in Proposition 13.61 for 
some Co > 0. This gives the first equality, and we need only prove the vanishing statements 
as well. But note that, for any e > 0, we have 

Oy ( \Ky - p%n* {Kx + A) + tG) - D] ) 
= ^(p=)mod„ ® Oy{-D - n[pyn\{7r*{Kx + A) + tG)) 

and so the higher cohomology vanishes as n(Tr*{Kx + A) + tG) is vr-nef. □ 

Remark 3.11. In a previous draft of this paper, we included another variant on the definition 
of the test ideal where the coefficient of D was p^e for some 1 S> e > 0. We have since been 
successful at rendering this complication unnecessary. 

4. Effective computation of test ideals 

Let {X, A, a*) be a log-Q-Gorenstein triple. In this section of the paper, we describe an 
algorithm for computing t{X, A, a*) that could in principal be implemented in a computer. 
Working exclusively on the normalized blowup tt : Y — >■ X of o, roughly speaking the key 
point is to incorporate the parameter test sheaf |Smi95] so as to remove both D and X]e>ep 



from the description of the test ideal in Proposition 3.6 Note that, for the purposes of this 



paper, the parameter test sheaf t{ujx,'^, a*) can simply be identified with t{X, Kx + A, a*) 
(working locally, we may assume that Kx is effective; otherwise see |ST10l Definition 6.13], 
for example). For additional discussion of the relation between parameter test submodules 
and test ideals, see |STZ12] and |BSTllj . 

Theorem 4.1 (Effective test ideal computation). Let (X, A,a*) be a log-Q-Gorenstein 
triple, and write t = ajpPijf — 1) for some integers a,b,c > where additionally we have 
that p^{p'^ — \){Kx + A) is Cartier. Set vr : Y — > X to he the normalized blowup ofY with 
Oy{—G) = a ■ Oy. Let J\f denote the kernel of the natural map 

F^{^,T{ujY,P^-n*{Kx + A) +pHG) ® Oy((l - p'')p\^*{Kx + A) + tG))) 

r(wy,A*(-f^Jf + A) +AG) 
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induced by the trace map F^ojy — ^ "^y • Fix ei = mc > a positive multiple of c such that 

(4.1.1) iiV,(AA(-(/ - l)pHG) = 

for all e = ei + nc (possible since —G is tt -ample). Then for all such e 

T(X,A,a*) 
= t{ujx,Kx + /^,a^) 

= Tr'^+^ U,F^+\t{ujy,p\*{Kx + ^) + phC) Oy{p\1 - p''){ti*{Kx + + tG))) 



Proof. We first observe that we may assume that 6 = 0. Indeed, by jBSTlH Proposition 
4.4], cf. [STlOl Theorem 6.25], |BMS08l Proposition 3.4(1)] and [BSTZlOl Lemma 3.25] we 
know that for any Q-Cartier Q-divisor F, any 6 > and rational w > 



Tr'' [fIt{ujx,V, b-)j = Tr'' (Fi'r(wx,p'^r, {bip'^T/'P" 

= r(c^x,^r,b-//) 

which shows that we may assume 6 = 0. For compactness of notation, set Fy := tt*{Kx + 
A) + tG and observe that it is vr-antiample. We now choose an effective divisor i? on y 
such that 

r(X,A,a*) = Y TrM7r,F,^(r(a;y,Fy) ®0y((l-/)Fy-i?)) J. 

e>0 V / 



(4.1.2) 



divisible 
by c 



Note that the T(a;y,Fy) is harmless since it is constant and so can be absorbed into the 
divisor B. Furthermore, the e ^ can also be replaced by any weaker requirement (such 
as e > 0). We will take advantage of these ambiguities in what follows. Note that we are 
only considering sufficiently divisible e here as in [Remark 3.91 
Fix a d > 0, divisible by c, such that 

F^(t{u;y, Ty) Oy ((1 - /)Fy - 5)) ^ t{uy, Fy + ^B) = t{uy, Fy). 

Note the Tr"' above is the trace on Y, not on X. The surjection follows for example from 
the main result of [STlOj or the argument of |BSTZ10| Lemma 3.25]. Let /C denote the 
kernel of this map. Let 62 (a multiple of c) be such that 

R^^mi - p')Ty)) =0 
for all e = Zc + 62, / > 0. Therefore, for those same e = Zc + 62, we have that 

7r*F,^+'^(r(wy,Fy) » Oy ((1 -p^+'^)Fy - S)) TT^F,^ (T(a;y , Fy) Oy((l -/)Fy) 

is surjective. Thus, for all such e, 

Tr'=+'^ ^7r,F,^+'^(r(a;y,Fy) Oy ((1 - p<=+'^)Fy - 5))^ 



= Tr^ (^7r,F,^(r(L^y,Fy)®Oy((l-p^)Fy; 

It follows that 



r(X,A,o*) = Y TrM7r,F,^(r(t^y,Fy) ®Oy((l-p^)Fy)) j 

e>0 V / 



divisible 
by c 
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the difference from 
repeatedly applying 



(4.1.2) 



(4.1.1) 



being that —B no longer appears. But now notice that by 
we have that 



and so the theorem follows. □ 

Remark 4.2. The authors hope that this method might eventually allow the computation of 
test ideals t{X, A, o*) to be implemented in a computer algebra system such as Macaulay2 
|GSj . The main obstruction is the computation of the integer ei such that R^'K^{J\f{—{p^ — 
l)p^tG) = for all e = ei + nc. However, as suggested by Markus Lange-Hegermann on 
http : / /mathoverf low.net/questions/105333/ef feet ive-serre-vanishing, one should 
be able to use relativ^ Castelnuovo-Mumford regularity |Ooi821 Theorem 2] to detect when 
a large enough ei has been obtained. 

Remark 4.3. Theorem 14.11 is not true if instead one replaces the normalized blowup with 
a resolution of singularities. Indeed, consider the D4 singularity R = ¥2\x,y\/ {z^ + xyz + 
xy"^ + given in [STIOI Example 7.12] (and originally coming from |Art75) ). with o = -R 
and t = 1. Then if tt : y — > X = Speci? is a log resolution, we have t{ujy) = cjy and so 
t:^t{ujy) = = Ox- But this example is F-pure, so Tr'^(F^^Ox) = Ox for all e. However, 
the test ideal t{Ox) is the maximal ideal {x,y). 

We also state a variant of the above which has additional similarities with the compu- 
tations of test ideals as presented in |BMS081 Definition 2.9]. The main difference between 
this result and the previous one is here we pick e largely independent of t when t = a/p^. 

Theorem 4.4. Suppose that {X, A, a) is a triple, to > is a positive rational number, and 
that (p'^ — l){Kx + A) is Cartier for some c > 0. Set tt : Y — > X to be the normalized 
blowup ofY with Oy{—G) = aOy. Let Af denote the kernel of the natural map 

F^{T{uY,7r*{Kx + A)) ® OY{{l-p'){7r*{Kx + A)))) 

^t{ujy,tt*{Kx + A)) 

induced by the trace map F^ujy — > wy. Fix ei > a positive multiple of c such that 

(4.4.1) R^TT,{Afi-fG)) = 

for all f > p^^tQ (this is possible since —G is t: -ample). Then for any t = a/p^ > to and 
any multiple of c, e = kc> max(ei, b) 

r(X,A,o*) 
= t{ujx,Kx + A,a^) 

= Tr^ {7r,F^{T{LOY,7r*{Kx + A))0OY{{l-pn^*{Kx + A)-pHG))y 

Proof. As before, we first observe that by the argument of [Remark 3.91 for some choice of 
divisor > on y, if we set @ = 7r*(Kx + A), we have: 

r(X,A,a*) 



(4.4.2) = Yl T^^"(^*F:ir{^Y,e)^OY{il-p')Q-tp"G-B) 



e>0 
divisible 
by c 



^That is over a base ring instead of a field. 
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As in the previous proof choose d > 0, divisible by c, such that 

F,^(r(^y,e)^3 0y((l-/)G-i?)) ^ t{uy,Q + ^B) = T{ojY,e) 

surjects. Let IC denote the kernel of this map and let 62, a multiple of c, be such that 

TT, {JCiil - p')e - tp^G)) =0 
for all e = Ic + 62 > b. Therefore, for those same e, by the projection formula we have that 

tt^F^+'^(t{ujy, e) (8 Oy ((1 -p'^+^)e - tp^+'^G - B) 



Tr^F^(T{oJY,e)0OY{{l-p^)e)-tp^G 



is surjective. Therefore 



r(X,A,a*)= Yl (vr*i^*(r(wy,e)®Oy((l-p^)e-/tG)) ) 

e>0 V / 



divisible 
by c 



Let m be a multiple of c with m > max(6, ei). Note that for e = kc >= m, the map 
^,F,^(T(a;y,e)0Oy((l-/)e-/tG))^^7r,Fr(r(a;y,G)®Oy((l-p'")G-p™tG) 



surjects by (4.4.1)[ But these maps factor Tr*^ and the claimed result follows immediately. 

□ 

Remark 4.5. If the index of Kx + ^ is divisible by p, it is not difficult to account for that by 
using the formula Tr^(T(a;x, Kx + A, a*)) = t{u!x, ^/p'^iKx + A), a*/^") as in the beginning 
of the proof of Theorem 14. li We leave it to the reader to formulate this generalization. 



5. Discreteness of F-jumping numbers 

In this section, we fix X a normal F-finite scheme with ideal sheaf 0. We study F-jumping 
numbers of t(X, a*). For basic setup and definition of terms, see [BSTZIO] and [STZ12] . 
First, we recall the following Lemma. 

Lemma 5.1. ( jBSTZlOl Lemma 3.23]) Suppose that X is normal, A > on X is such 
that Kx + A zs Q-Cartier and that a ideal sheaf on X. Then for any t >0, there exists an 
e > such that 

r(X,A,o*) = T(X,A,a^) 

for all s G [t, t + e] . 

Proof. In the case that the index of Kx + A is not divisible by p > 0, this is simply 
[BSTZlOl Lemma 3.23]. But we may easily reduce to that case by using the fact that 
Tt%t{u;x,p'{Kx + A),aP'')) = t{u;x,Kx + A,a'). □ 

We now prove the another Lemma, in a sense dual to the above statement, that is in 
fact the key observation (compare with [KLZ09t Proposition 6.3] and jBSTZldf Proposition 
5.3]). 



Lemma 5.2. Suppose that t = b/{p'^ — 1). Then there exists a number e > such that 
t{ujx, a'^) is constant for all t — e < s < t. 
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Proof. We may assume that X = Speci? is affine. Let vr : Y — > X be the normahzed 
blowup of a and set aOy = Oy{—G). We will find oq > such that 

is constant for all a > oq- In fact, it is sufficient to do to this for some sequence of a going 
to infinity. 

First, we notice that t{u)y, {t — S)G) is constant for 1 ^ 5 > by [BSTZlOl Proposition 
5.3]. Thus choose d > such that t — 6 < ^^^ ) < t. Now, by the main result of [STlOj . 
we have surjections induced by trace for every n > 

/ N „ncd _ 1 

: Fr"(r(a;y) » Oy(-t(p-'^ - ^ r{u:y,t{^-^)G) = t{uy, {t - 6)G). 

and also surjections 

Wn : Fr'^(r(a;y, (t - 6)G) ® Oy(-t(p"^'^ - 

= Fr'^(r(a;y,t(£^)G) Oy(-t(p-'^ - 1)G)) 

r(a;y,t( ^"-y;;ir-^^ )G) 

r(a.y,t(4^S^)G) 
r(wy,(t-<5)G). 

Choose eo > such that for all /c > t{p^°'^ — 1) we have that the map 7r^{Ti (g) Oyi—kG)) 
sending 

^,F,^'^(T(a;y) (g) Oyi-tip^'^ - 1)G - p^'^kG)) 7r^(^T{uY, (t - 5)G) (g) Oy(-A:G)) 

is surjective, and also that the map n^iWi (8) OY{—t{p^^ — l)G)) sending 

■K,Ff{T{ujY, {t - 8)G) ® OY{-t{p"^ - l)G-p"^kG)'^ vr,(T(L^y, {t - 5)G) ® Oy(-A;)) 

is surjective (both possible since —G is 7r-ample). Since Wn is simply Wi composed with 
itself n-times (with appropriate twists by vr-anti-ample divisors), we see that the map 
^n,e •= ^*(^n <8> OY{—t{p^^ — 1)G)) is surjective as weh for e > cq. 



vr*F2^'^(T(a;y, (t - (g) OY{-t{p'^'"^ - 1)G - p'^^<^t{p^^ - l)G) 



TT^FffriuY, (t - 5)G) (8) Oy(-t(^j^^ - 1)G - p^Hip^'^ - l)G) 



cd 




vr, (r(wy, (t - 6)G) Oy (-t(p'=^ - 1)G)) 



Likewise since T„ is simply Ti composed with Wn-i (twisted appropriately), we see that 
T^*{Tn (8) C'y(— i(p^'^ — 1)G)) is surjective for e > cq. 
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Now we form the following composition where the first map is surjective by the above 
analysis 

^^pncd+ec^^ (^r{uY) Oy ( - 1 - 1)G)) 

^,(r(a;y, (t - 6)G) (g) Oy(-t(p^'= - 1)G)) 

Q 

— > UJx- 

The image of this composition is equal to T{ujx,a p"cd+ec -j by [Theorem 4.41 at least for 
all e ^ 0. However, this image is constant as we vary n since the image of this composition 
is also the same as the image of a. Sending n to infinity completes the proof. □ 

The rest of the argument for discreteness and rationality follows |BMS09[ IKLZOQj . 

Theorem 5.3. Suppose that X is an F-finite normal scheme, A is a Q-divisor on X such 
that Kx + A is Q-Cartier, and a is an ideal sheaf on X . Then the set of F -jumping numbers 
o/t(X, A,a*) is a discrete set of rational numbers. 

Proof. First set rj : W — > X to be a finite cover such that r]*{Kx + A) is Cartier (see 
for example [BSTIH Lemma 4.5]). It follows from the main result of [STlOj . cf. jSTZ121 
Proposition 2.2(3)] that if we can show that the F-jumping numbers of T{oJw^'n*{^x + 
A), (a • Ov/Y) are discrete and rational, then so are the F-jumping numbers of t{ojx^Kx + 
A, a*) = t{X, a, a*). However, since if{Kx + A) is Cartier, t{ujw, f?*(-?^x + A), (a-OwY) = 
t{ujw, (fl • OwY) (Si 0\Y{—r]*{Kx + A)), it is sufficient to show that the F-jumping numbers 
of t{low, (ci ■ C^/)*) are discrete and rational. 

The rest of the proof is now formally the same as |KLZ09|, Theorem 3.1] by using 
ILemma 5.21 The point is that p times a jumping number is a jumping number [BSTZlOj 
Lemma 3.25], and that Skoda's theorem still holds for test ideals. □ 

Corollary 5.4. If R = k\xi, . . . , x^J and a C R is any ideal and k is an F-finite field, then 
the F -jumping numbers o/r(i?, a*) are a discrete set of rational numbers. 

One might ask whether the F-finiteness hypothesis is really necessary. For a not- 
necessarily F-finite, but excellent Q-Gorenstein local ring {R, m) with a dualizing complex, 
the authors believe it can be shown that the F-jumping numbers of T(i?, /*) are discrete 
and rational along the lines of |KLZ09t IBSTZIO] . Thus we ask: 

Question 5.5. Given an excellent Q-Gorenstein local ring with a dualizing complex, and an 
ideal a C i?, is it true that the F-jumping numbers of t{R, o*) are discrete and rational? 

One cannot use the description of the test ideal given in this paper to tackle this question 
since that description critically uses F-finiteness. However, one still may be able to blow 
up and apply local cohomology to the pushdown of appropriate sheaves so as to mimic 
the strategies applied herein. 

6. Test ideals via alterations 

The descriptions of the test ideal above allow the main results of [BSTllj to be extended 
to triples (X, A,a*) where a is not principal in this section. Throughout, we will largely 
assume X is a normal variety over an F-finite field of characteristic p > - so that |dJ96] 
can be applied to find regular alterations. However, we will also briefly discuss the (straight- 
forward) generalizations to integral normal schemes in [Remark 6.21 and [Remark 6.61 

Additionally, beginning in this section so as to avoid confusion, when writing the trace 
map we will generally write a subscript to indicate the morphism under consideration (since 
we are not only concerned with the Frobenius map). So for example, what has previously 
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been denoted above by Tr^ will be denoted by Tipe. More generally, for an alteration 
p : Y — > X, recall once more that Tip is the Grothendieck trace as described in |BST1H 
Proposition 2.18]. 

Theorem 6.1 (Test ideals via alterations). Given log-Q-Gorenstein triple (X, A,a*) where 
X is a variety over a perfect field, there exists a regular alteration 

p:W -^X 

with aOw = Ow{-H) such that Tip {p^Owi\Kw - P*{Kx + A) - tH])) = t(X, A,a*). 
It further follows that the test ideal t(X, A,a*) is the intersection of these images over all 
alterations p : W — > X, i.e. 

T(X,A,a*)= fl Tip{p,Ow{\Kw - P*{Kx + ^)-tH^)). 

p:W >X 

Proof Since Tr^i, (F,V(X,/A, a^"*)) = t{X, A, o*) as in the start of the proof of [Theorem 4.11 
we may assume that {p^ — l)t is an integer and (p^ — l){Kx + A) is Cartier for some c > 0. 

Set TT : Y — > X to be the normalized blowup of a with aOy = Oy{—G). We then know 
by [Theorem 4. II that there exists an e = nc > 0, such that 

r(X,A,a*) = Tr^e ^(F|),^, (r(^^y, ^*(i^x+A)+tG)®yOy ((l-p'^)(7r*(Kx+A)+tG)))^ . 

By [BSTIH Theorem 4.6] (which relies upon |dJ96] ). there exists r] : W — > Y a regular 
alteration such that 

T(a;y, TT*{Kx + A) + tG) = Tr^ (^,Ow{\Kw - V*^*{Kx + A) - tr]*G])^ . 
Setting H' = ri*G so that aOw = Ow{—H'), we observe that 

t{ujy,^*{Kx + A) + tG) (g)y Oy((1 - p^){-n*{Kx + A) + tG)) 
= T:^ U.Ow{\Kw - if^*{Kx + A) - tH' - [p^ - 1)7]*tt*{Kx + A) - {p- - l)tH'] 
= Tvr, lr],Ow{\Kw - ri*TT*{F^)*{Kx + A) + tp'^H']] 

Set p = r] o TT o {F^) and H = p'^H' . Pushing forward by tt* and applying Trj^oj-^e,) implies 
immediately that 

r(X, A, 0*) D Trp {p,Ow{\Kw - P*{Kx + A) - tH^)). 

Note we only get containment since we do not know that we still have a surjection after 
pushing forward by vr (we only have the surjection on Y locally). 

However, the reverse containment C is the "easy" containment which always holds by 
the defining property of the test ideal, cf. the proof of |BST1H Proposition 4.2] or the first 



half of the proof of Proposition 3.6 The intersection statement then follows immediately 



as well. □ 

Remark 6.2. If X is simply a normal F- finite scheme satisfving IConvention 3.TI instead of 
a variety, a variant of Theorem 6.1 still holds. Indeed, there still exists a (not necessarily 
regular) alteration p : W — > X with aOw = Owi—H) such that Tr p [p^Ow {\ Kw — 
p*{Kx + A) — t-ff])) = t{X, a, a*). The proof is unchanged, except that the use of |dJ96] 
is omitted. 

In |STZ12] . the authors showed the stronger statement that there exists a single (regular) 
alteration allowing the computation of the test ideal even as the coefficient t was allowed to 
vary (including when t takes on irrational values). The same methods go through, at least 



22 



KARL SCHWEDE AND KEVIN TUCKER 



when combined with the Skoda type theorems we have developed in this paper, and so we 
obtain the following generalization. 

Theorem 6.3. With notation as above, there exists a regular alteration p : W — > X, 
aOw = Ow{—H), independent oft such that 

(6.3.1) Trp {p,Ow{\Kw - P*{Kx + A) - tH])) =r(X,A,o*). 

for allt eM, t> 0. 

Proof. It is sufficient to prove the theorem for X affine. Essentially following the same 
argument as in |STZ121 Lemma 4.1, Theorem 4.2], we begin with the following claim. 

Claim 6.4. For any two adjacent F -jumping numbers, to < ti, there is an alteration 



p:W — > X such that (6.3.1) holds for all to < t < ti. 



Proof of claim, (cf. |STZ121 Lemma 4.1]) We know that talking about adjacent i^'-jumping 
numbers make sense because the set of F-jumping numbers have no limit points. We also 
know that to,ti € Q. For varieties, this is described in |STZ121 Remark 3.4] but it also 
of course follows from [Theorem 5.3[ If one wants to work with schemes as in [Remark 6.61 
below, one truly needs [Theorem 5.31 

Regardless, for some p : W — > X, we have 

t{X, a, a*«) = Tr^ {p,Ow{\Kw - P*{Kx + A) - t^H^)) 

where a • Ow = Ow{—H). Fix t' such that t < t' < ti. Then we know for some further 
p' : W — > X we have 

t{X, a, a*') = Tr^, {p',Ow'{\Kw' - p'*{Kx + A) - t'H'])) 

where a • Ow = Oy/i{—H'). Now, we simply observe that 

r(X,A,a*) 
= r(X,A,o*o) 

= T:vJp.Ow{\Kw-p*{Kx + A)-toH})) 
D Tr^(p,Owi\Kw-p%Kx + A)-tH])) 
D Tr^{p,Owi\Kw-p*iKx + A)-t'H])) 
D T\y {p^OwilKw - p'*{Kx + A) - t'H% 
= r(X,A,a*') 
= r(X,A,a*) 

Thus all the terms are equal and the first claim is proven. We also note again that, if we 
do not require W to be regular, we may assume that I^ is a finite cover of the normalized 
blowup y of by [BSTllI Theorem 4.6]. □ 

Theorem 16 . 3.11 now follows for bounded values of t, since then there are only finitely many 
jumping numbers that need be considered. By the claim, we may pick a common alteration 
that works for all of them. Next we attack the case of unbounded t. The strategy is roughly 



to use Skoda's theorem on both sides of equation (6.3.1) 

First, by Skoda's theorem for the test ideal |HT04t Theorem 4.1], for any t larger than 
r, the number of generators of a, we have r(X, A,a*) = t(X, A, a^"^"'"'^*^) • a\-*^~'^^^ . We 
need the same result for the pushforward from the alteration as well. In particular, we need 
a variant of Skoda's theorem for the pushforward, but without a test element term that 



appeared in Proposition 2.3 We accomplish this below - but on a possibly non-regular 
alteration. 
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Claim 6.5. There exists a sufficiently large alteration p : W — > X, satisfying (6.3.1) for 
< t < r + 1 (where r is the number of generators of a), and such that instead for all 
t > r + 1 we have 

• Tip (p,Ow il Kw-p*{Kx + A) - {t - 1)H])) = Tr^ (p,Ow ( \Kw -p*{Kx + A)- tH] ) 



Proof of claim. Choose p : W — > X to be an alteration sucli that (6.3.1) holds for all 
< t < r + 1. Observe that by |BST11[ Theorem 4.6] and the proof of IClaim 6.41 we can 
assume that p : W — > X is a finite cover of the normalized blowup Y of a. In particular, 
we can assume that —H is p-ample. Additionally we can assume that if A Z X is 
the Stein factorization of p, then iy'*{Kx + A) is an integral Cartier divisor. 

Fix si, . . . , G a to be our generators. It follows that 7r*si, . . . , iT*Sr are globally generat- 
ing sections of Ow{—H). This implies (7r*si)P , • • • , {'^*SrY globally generate Ow{—p^H) 
for any e > 0, and we may form the corresponding Koszul complex 

(6.5.1) ^ ^r-i • • • ^1 ^0 

where = Owiip'^H)®^^^ and each of the maps are essentially given (up to sign) as 
multiplication by the sections {p*SjY'' . Since this complex is a locally free resolution of 
the (flat) sheaf = Ow, this complex remains exact after tensoring by any quasicoherent 
sheaf on W. 

When t > r + l and we tensor by Ow{\K]y—p^{p*{Kx + A.) + tH)'\), the i-th. entry in the 

complex becomes = Ow{\Kw-p%7T*iKx+A) + {t-i)H)'])^(^). Now we consider \—XH~\ 
as A varies and observe that there are only finitely many divisors [— {A}i/] . Therefore, since 
\—XH~\ = \—{X}H~\ — IX\H (and so takes finitely many values up to twisting by relatively 
ample divisors), and since p*{Kx + A) is pulled back from a Cartier divisor on Z (the 
Stein factorization of W), we observe for e ^ (which we can pick independently of t) that 
by Serre vanishing and the projection formula, R' p-^^i = for all i and any j > since 

t — r >1. Hence our complex (6.5.1) remains exact after applying p^,[ ), and as ) is 

exact (since F is finite) we have that the complex 

Ftp,% Ftp,%.^i > F^p^Wi F^p,% 

is exact on X. Furthermore, after having applied ), we may view the arrows as given 

by multiplying by si, . . . , s^. Taking images under Trp and TriT'e. preserves exactness on the 
right, giving a surjection for e » (again, independent of t) 

Trp^ (^F^Tr, (^p,Ow{\Kw - (F^P^Kx + A) - tiF^H]) 

= a ■ Tr^e (^F.'Tvp (^p,Ow{\Kw - {F'yp*{Kx + A) - (t - l){F-yH]) 

Now replacing phj poF^ (again, observing that we have successfully chosen e independent 
of t), we have proven our claim. □ 



Let us now return to the proof of Theorem 16.31 Note that the containment ^ of (6.3.1) 



always holds, and that further alterations can only shrink the image. Therefore, if we can 
prove that (6.3.1) holds for any alteration, then it also holds for some regular alteration as 
well. To that end, let p : W — > X be the alteration constructed in Claim 16.51 For any 
t > r + 1, we have that 



T^P [p.Ow{\Kw - P*{Kx + A) - tH]) 

^Ltj_r+i . (^p^Ow{\Kw - P*{Kx + A) - (r - 1 + {t})H]) 

oW-'^+i •T(X,A,a^-i+W) 
r(X,A,o*). 
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This completes the proof of Theorem 16.31 □ 

Remark 6.6. As before, this result still holds for normal F-finite integral schemes satisfying 
[Convention 3.11 so long as one gives up the requirement that the alteration be regular. 

In |BST1H ISTZ12j . when a is principal, we showed that the alterations chosen could be 
chosen to be generically separable. Thus, we are led ask the following question. 

Question 6.7. Can one always choose a separable alteration for [Theorem 6.31 or even for 
[Theorem 6.11 ? 

7. Vector subspaces of global sections 

We now define certain global variants of the test ideal as subspaces of sections of line 
bundles. Indeed, if L is very ample inducing a projectively normal embedding X C P^, 
we shall see that these subspaces carry the information of various graded pieces of the test 
ideal on the afhne cone over X (see for example |Smi97j and jHarOSj ). However, they apply 
even without ampleness assumptions on the line bundles. As mentioned in the introduction, 
these subspaces first appeared in unpublished work of C. Hacon and the first author. 

Definition 7.1. Suppose that {X, A, a*) is a triple where X is a proper variety and that L 
is a Cartier divisor on X. Then we define 

P'>{X,Ox{L)®T{X,A,a')) 

to be 

it:Y^X DCY eo>0 \e>eo 

where vr ranges over all proper birational maps such that Y is normal with aOy = Oy (— Gy) 
invertible, and D runs over all effective divisors on Y. So as to justify the notation some- 
what, we remark that this is a subspace of the vector space 

H^{X, Ox{L) r(X, A, a*)) C H\X, Ox{L)). 



Lemma 7.2. The intersection in \Definition 7.1 stabilizes. In particular, there is a choice 
of IT, D, and eo > 0, such that 

P^{X,Ox{L)®T{X,A,a')) 

= Ee>eo Tr.oF^ [h^ {Y, {f^Oy ( \Ky - p'tt* (Kx + A + tGY-L)-D]) 

Proof. Observe that we are taking this intersection in a finite dimensional vector space, 
simplifying things considerably. The idea is simply to peel off each intersection one by one 
in the following order. 

(a) We will argue below that passing to a further birational map r/ : Z — > Y can only 
shrink the images in question. Granting this, we can fix a vr sufficiently large so that 
the image stabilizes. 

(b) For fixed vr : Y — > X, choosing a larger D obviously can only shrink the images. 
Thus, we can find D sufficiently large so that the image stabilizes. 

(c) For fixed vr and D, choosing larger eo can again obviously only shrink the image. 
Thus, we can find eo sufficiently large so that the image stabilizes. 

Thus, to verify the lemma, it remains only to justify the choice of vr : y — > X in (a). 
Indeed, consider a further birational map r] : Z — > Y and the factorization 

Z^Y^X 
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and fix a divisor Dy on Y. By ILemma 3.5|, there exists a divisor Dz on Z such that we 
have an inclusion 

r],Ozi\Kz-p'7*{Kx + A + tGY-L)- Dz]) 
C OyHKy -p^TT*iKx + A + tGy - L) - Dy]) 

for all e. But now we see that choosing further Z — > Y — > X only shrinks the images (after 
intersecting over all divisors D) as claimed, and so the Lemma is proven. □ 

The next proposition says that in fact we never have to take a Y larger than the nor- 
malized blow-up of a in order to compute . Of course, if one prefers to use a different 
birational model instead {e.g. a log resolution at hand), one is certainly still free to do so. 

Proposition 7.3. The vector space P^[X,OxiL) r(X, A,a*)) can be computed just 
from IT : W — >■ X where W is the normalized blowup of a. In particular, the subspace 
P^{X,OxiL)^T{X,A,a^)) is equal to 

(7.3.1) 

n n iY.T^r^oF^{H'^{W,[F^Ow{\Kw-pV{Kx + A + tGw-L)-D])) 

D>Oeo>0 ye>eo 

where D runs over all effective divisors on W . 

Proof. Suppose that 7 : Y — > X is a projective birational map with Y normal such that 
aOy = Oy{—Gy) is invertible. We may also assume that 7 : y — > X can be used to 



stabilize the intersection (7.3.1) together with the divisor > on y as in Lemma |7.2[ 



Then 7 factors through vr by the universal property of blowing up, so write 

Y ^ X . 

' V ' 

7 

Bv ILemma 3.51 there exists an effective divisor D on W such that 

Ow{\Kw - P^T^*{Kx + A + tGw - L) - D]) 
C r],OY{\KY-p^-i*{Kx + A + tGY-L)-E'\) 

for all e > 0. Making D larger is harmless, and so we may further assume that D can be 



used to stabilize the intersection in (7.3.1 



Thus for all e > we have the factorization 

^^Ow{\Kw -p''T^*{Kx + A + tGw -L)-D]) 
^ -f.OYilKw -p'TT*{Kx + A + tGw-L)-E]) 

^ Ox{Kx + L). 

But then it follows that we have containment of the images 

Tr^oF.^ (H'^iW, [f!Ow{\Kw-p'^*{Kx + A + tGw-L)- D])) 
C Tr^oF^ {Y, [f-Oy ( \Kw - p'tt* (Kx + A + tGw - L) - E])))'^ 

which gives that the intersection in (7.3.1) is contained in P^(^X,Ox{L) C5 t(X, A,a*)). 



Observing that the reverse containment is obvious from point (a) in the proof of lLemma 7.21 
above completes the proof. □ 

Note that the definition of P^ has non-trivial content even in comparatively simple set- 
tings, e.g. when there is no ideal sheaf under consideration. For sufficiently ample adjoint 
line bundles on smooth varieties, we now show that P^ simply agrees with H^. 
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Lemma 7.4. Suppose that X is a smooth projective variety, and ^ is an ample line bundle 
onX. Then P^{X,uJx®^'') := P^{X,t{X, Kx) = H^{X,ujx ®^'') for all n 0. 

Proof. We set S = ©j>o^* to be the section ring with respect to . Then S is normal 
with an isolated singularity at the origin 5+ = 0j>i^*. For any divisor D > on X, we 
may find s € H^{X,S^^) such that D < div(s) for some j > 0. Therefore, when forming 
P^, we may take D only of the form Vx{s) for s as above. Then it follows immediately that 

T{cos) = ^P\X,iox®^') 

i 

from the fact we may choose 5 to be a test element. We claim that for all n ^ 0, 

[T{iOs)]n = [iOsU = H\X,iOx ® 

where [ denotes the nth graded piece of a module. But this is trivial since t(ujs) = (^s 

away from the origin since that is where the singularity is located. 

In fact, one sees that requiring that X is smooth is more than required. It is more 
than sufficient to merely require that X has F-rational singularities (which just means that 
t{ujx) = i-^x and that X is Cohen-Macaulay |ST12t Section 8.1]). □ 

Remark 7.5. We believe (but do not verify herein) that more general equalities hold as well 
for t{X, a, a") (8) Ox{nH) for sufficiently ample H {e.g. when tt*H — G is ample). 

Similar subspaces of sections to P^ have also recently appeared, at least in case we take 
a = Ox- We conclude this section with some comparisons of these subspaces. 

Definition 7.6. Suppose that A > is such that Kx + A is Q-Cartier with index not 
divisible by p (in particular (p^^ — l){Kx + A) is Cartier for some ei). Then for any line 
bundle L on X and any e > such that ei|e, we have a map F^OxiKx — [p^ — 1)A) — > 
Ox{Kx) and thus obtain (no roundings are necessary) 

TvF^ : F:{Ox{{l-pn{Kx + A))(8)LP') ^ L. 

Since the map Tr(„+i)g^ factors through Tr„e for any integer sn, the images on global 
sections stabilize for e = nei ^ 0, and we define 

S\X,a{X,A)^L) = TvF^ {H\X,FtOx{{l - p1{Kx + A)) 1.^')) C H\X,L) 

for this stable image when e = nei ^ 0. 

Proposition 7.7 {P^ versus S^). With notation as above, we have the containment 

P\X,t{X,A)(^Ox{L)) C S\X,a{X,A)(^Ox{L)). 

Additionally, fix a Cartier divisor D as in \Claim 3.7\ and also stabilizing P^{X,t{X, A)'S)L). 
Then for all rational e > without p in its denominator, we have 

S\X, a{X, A + £D)(^ Ox{L)) C p\x, t{X, A) ® Ox{L)). 

Proof. The first containment is obvious except for the fact that we are only summing over 
all e ^ in P^ and we are summing over nei ^ to compute . We explain how to 
overcome this difficulty. Note that there is nothing to blow up. We fix D computing P^ for 
vr = idx- Suppose that nei ^ can be used to stabilized . Chose e > nei and note that 
{p^ — l){Kx + A) is not necessarily integral. 
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It then follows from the fact that (p"'^^ — l)p'^ < that 
Trp.-n., (pr'^'^OxilKx-p^Kx + A) - Z)])^ 
= Tvp^-n., Ox {Kx - p'Kx - A + DJ )^ 

C Tr^.-nei (f^-''''^Ox{Kx - p''-''''^p'"'^Kx - - l)p'^""^iA) 
C Ox {Kx - f'^'Kx - (p""^ - 1)A) 

and the first containment follows by applying Trimei (F"^^ ). The second containment is 

straightforward to check directly. □ 

Remark 7 .8. In many cases S^{X, a{X, A + eD) (g) O x{L)) / 0, cf. |S chlli IMuslH IMS121 
ICHMS12] . In particular, if D is as in the statement of [Proposition TTj and S^{X, (t{X, A + 
eD) ® Ox{L)) is non- vanishing for some e > 0, then P^{X, t(X, A) (8) Ox{L)) is also non- 
vanishing. See also Section 9 below for a number of non-vanishing statements for on 
curves. 

Another subspace of sections was also introduced in [BSTllj . This variant roughly 
coincides with except the intersection is taken over all finite covers (rather than simply 
iterates of Frobenius), and we refer to loc. cit. for the precise formulation. It would seem 
natural to ponder the relationship of Tq and Pq as well. 

Question 7.9. Is it true that T^{X,t{X,A) Ox(L)) = P°(X,r(X, A) ^ Ox{L)) for all 
divisors L? What about for ample L? 

This question is closely related to the question of whether splinters are strongly F-regular 
and also to the comparison of weak versus strong F-regularity, two of the main open prob- 
lems in the theory of tight closure, cf. |Sin99l ILS991 ILSOlj . 

8. Global division theorem: general case 

In this section, we show the last of the main results of this paper mentioned in the 
introduction: the global division theorem for P^. 

Theorem 8.1 (Global division theorem). Suppose that X is a normal projective n- dimensional 
variety over an algebraically closed field of characteristic p > 0, and that A > is a 
Q-divisor such that Kx + A is Q-Cartier. Suppose that a C Ox is an ideal sheaf and 
L is a Cartier divisor such that Ox{L) ® c is globally generated by sections si,...,Sr G 
T{X, Ox{L) (8) c) for some reduction t of a (by replacing the Si with general linear combi- 
nations, we may always assume that r < n + 1). Fix M a Cartier divisor on X such that 
M — Kx — A is nef and big, and a positive integer m > r. Then any section 



s e P"(^X,Ox(M + mL) (g)T(X,A,a" 
can be expressed as a linear combination 

s = ^ hiSi 

with hi € P°fx,Cx(M + (m- 1)L) g)T(X, A,a™-i; 



Remark 8.2. Note that, in the case that a = Ox and that L is a globally generated ample 
divisor (by r = n + 1 sections). Theorem 18.11 implies that the subset of global sections 

P°(^X,OxiM + mL)(gT{X,A)^ globally generates OxiM + mL) ® t{X, A) for m > n, cf 

|Kee08l ISchlH IMusll] . To see this, note that a mild generalization of lLemma 7.41 implies 
that OxiM + mL) (g) r(X, A) is globally generated for m ^ 0. Then one can repeatedly 
use [Theorem 8.ll to prove it for m — 1, m — 2, . . . and so on (until reaching n itself). 
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Proof. Fix vr: Y — > X to be the normalized blowup of X along a, so that oOy = Oy{—G) 
for some effective Cartier divisor G on Y. 

First observe that as 7r*L — G is globally generated, it is certainly nef. Also observe that 
since M — Kx — A is big (and nef), there exists some divisor Di > on X and integer n > 
such that n(M — Kx — A) — Di is ample and Mi = n{M — Kx — A) is Cartier. Next, choose 
a vr-antiample divisor D2 > on y and integer m > such that rmT*{Mi — Di) — D2 is 
ample. Choose also a divisor £" > on y sufficiently large so as to stabilize the intersections 
(|7XT]) computing P^{X, Ox{M + ml) ® t{X, A, a"')) and P^{X, Ox{M + {m - l)L) 
r(X, A, a'""^)). Finally, fix / large enough so that l{rmT*{Mi — Di) — D2) — E is ample, 
and also that —lrmr*Di — ID2 — E is vr-ample. 

Put D' = lrmr*Di + ID2 + E. To briefly summarize what is needed from the above 
discussion, we have 

(i) TT*L — G is a nef Cartier divisor on Y, 

(ii) Ml = n{M — Kx — A) is a nef Cartier divisor on X, and 

(iii) D' is an effective vr-antiample divisor on Y so that lrmr*Mi — D' is ample. 

For every e > 0, write p'^ = \j)'^/n\n + rg with < < n. We now choose k sufficiently 
large so that for all e ^ (whenever p^/n > Imk) and all i > 0, we have the vanishing 
(8.2.1) 

H'{Y, Oy{\Ky +jp%7T*L - G) +p^TT*{M - Kx - A) - kD'])) 
= HHY, Oy{\Ky + jp'i7r*L -G) + {p^/n)^*Mi - kD'-\)) 
= H\Y, Oy{\Ky + jp^{-K*L -G) + {rJn)TT*Mi + [p<'/n\-K*Mi - kD'^)) 

= W{Y, Oy{Ky + jp''{TT*L - G) + \{rJn)TT*M{\ + (bV^J - lmk)'K*Mi + k{lrm:*Mi - D'))) 
= 

by Fujita's vanishing theorem [Fuj83| , where j varies from to r. Let us explain this briefly 



in slightly more detail. Note that in the last line of (8.2.1) the rounded term ['(re/n)7r*Afi | 
takes on only flnitely many values so Fujita's vanishing applies using the ampleness from 
(iii) above together with the nefness from (i) and (ii). Similarly, by making k larger, we can 
ensure for all i > 

(8.2.2) 0= R'TT,OYi\KY+jp^{'K*L-G)+p^TT*{M-Kx-A)-kD'~\) 

by relative Fujita's vanishing |Kee031 Theorem 1.5], where again j varies from to r. Put 
D = kD'. 

The sections tt*si, . . . ,tt* Sr globally generate the sheaf (!?y(7r*L — G), hence we also 
know {tt* siy" , . . . , {tt* Sr-y" globally generate OY{p'^(Tr*L — G)) for any e > 0. Form the 
corresponding Koszul complex 

^ ^r-l • • • ^1 ^0 

where = (— jp'^(7r*L — G))®^^-' and each of the maps is (up to sign) essentially given 
as multiplication by the sections (7r*Sj)^^. Observe that this complex is locally exact by 
|BH93t Theorem 1.6.5], and hence is a locally free resolution of the (flat) sheaf ^0 = C'y. 
In particular, this complex remains exact after tensoring by any quasicoherent sheaf on Y. 
Set 

Aj = \Ky + jy (7r*L -G)+ /7r*(M - Kx - A) - D] 
for j = 0, . . . ,m. After we tensor the Koszul complex above by C'Y(Am), the jth entry in 
the complex becomes = (Am-j)®'-^-' • 



Note that by equations (8.2.2) and (8.2.1) for e ^ 0, we know that 



i?V,Oy (A„,_,) = and H\Y, Oy (A^_,)) = 
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for all j > and alH > 0. This implies that the complex 

F^7T,% F>,^,_i > F^7T,% 

is exact, and furthermore that it remains exact after taking global sections. As taking the 
image under Tr'^ preserves exactness on the right, we have once more a surjective map 

(8.2.3) Tr'^ {H\X, F^tt,^^)) - ) , Tr^ (^0(^^ F^7r,%)) 

where our notation on the left indicates that the trace map has been applied individually 
to each direct summand of 

= [H\X,F^n,OY{Am-i))f" . 

We then have that both 

Y,Tr^H\X,F,'7r,Wi)) = [P^{X,Ox{Kx + {m - 1)L + A) (^o^T{X,an)f 

e>0 

and 

Tr^ {H\X, = P\X, Ox{Kx + mL + A) r{X, a^)) 

e>0 

hold, and the desired conclusion now follows immediately from the surjectivity of (j8.2.3p . □ 

9. Computations of P° for curves 

To conclude this article, we analyze in the case of curves. Throughout this section, 
C is a connected smooth projective curve over an algebraically closed field of characteristic 
p > 0. Our first result shows that P^ is often non-zero. 

Lemma 9.1. If is a line bundle on C of degree > 2, then the linear system \P^{C,ujc ^ 
^)\ C \H^(C^ijjc ®^)\ is base point free. If deg^ > 3, then \P^{C,ujc ® ^)\ induces a 
closed embedding. In particular, in either case, P^{C,uc % ^) 0. 

Proof. For the first statement, suppose that Q € C is a point, fix an effective divisor D on 
C. Then writing .if = Oc{L), we have the diagram of exact sequences for e ^ 

H0[C,F:(uic'S>Oc{p''L- D))) HO{Q,F^{uip.Q (^Ocip^L ~ D))) ->■ {C, F^{ujc ® Ociv^iL ~ Q) ~ D))) 

where the vertical maps are induced by the trace. Certainly the upper right term is zero by 
Serre vanishing since e S> 0. We need to prove that the middle vertical map is surjective 
(in other words, non-zero since II^{Q, ujq (gi-Sf) = k). But consider now the maps on stalks: 

^*Wc,q(--D) UJC,Q 

induced by trace. For e ^ 0, this is surjective since regular local rings are strongly F-regular 
|HH89) . But then the middle vertical map above is just obtained as a tensor product of the 
above map, and so it is surjective as well. Thus we've obtained a non-vanishing section of 
P°(C,wc ^^), as desired. 

The remaining statement about \P^{C,ujc (8>-Sf)| inducing an embedding if deg^ > 3 
follows similarly via separation of points and tangent vectors. □ 

Next, recall that H. Tango proved in |Tan72l Theorem 15] that H'^{C,ujc (g) ^) = 
S^{C,LOc <8> ^) for all of degree > In the following proposition, we obtain a 

similarly explicit statement comparing P^ and on curves, essentially giving an effective 
bound for n ^ in ILemma 7.4[ 
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Proposition 9.2. If ^ is a line bundle on C with deg^ > , then 

Proof. In fact, we use the assumption that deg =Sf > to show an even stronger assertion: 
for any fixed divisor D > on C, the map 

(9.2.1) H'{C,f;{ojc{-D)^^p'')) H''{C,oJc(i^^) 

is surjective for all e ^ 0. The proof strategy is essentially the same as in |Tan72j . 

Let us first consider the case where D > is reduced. Note that D is a simple normal 
crossings divisor, and so in particular we have the (non-exact) log-de Rham complex 

n-cilogD) :=0^Oc^ ujc{D) ^ 0. 

By perturbing by —-D and applying the variant of the log Cartier-isomorphism found in 
|Har98t Section 3.4], we have 

0*(logL») 

= oniogD)0Oc(L-(-|^)J) 

- h^{F,in-^ilogD)^Oci[-pi-lD)\))) 
= h'{F,{n'^{logD)^Oc{D))). 

In particular, we have the exact sequences 

F,{Oc{D)) A^^ -^0 
^ ^1 F4ujci2D)) ujcXD) 

where can be defined to be the cokernel/kernel of the exact sequences. Twisting by 
for some e ^ 0, we have short exact sequences 

^-P' F^{Oc{D) ® ^-P'+') A ^1 O ^-P' 
^^^^-f" F^{ujc{'2D)®^-P'^') ujc{D) ® ^-P" ^ 0. 

Observe that is locally free since it a submodule of F^{ojc{2D)) and C is a curve. Thus 
dimi70(C7,^i 0^-P') = dimFi(C,ifP' 0^omop(^i,a;c)) which vanishes for e » by 
Serre vanishing. But also H^{C,J^^ (8> Jf"^ ) surjects onto the kernel of 

a : H\C,^-P') H\C,F,{Oc{D)(^^~P'^')). 
and so it follows that a is injective for e ^ 0. By Serre duality, 

HyC,Ft^\uc{-D)^J^P'^')) H\C,F',uc®^P') 

is surjective as desired. 

To finish the proof, consider now a non-reduced divisor Dq > and set Di = (-Do ) red- 
Recall that for any divisor M of degree > we have that 

H\F',{u:c{p'M))) H\u:c{M)) 

is surjective by |Tan72] for any c > 0. Fix large enough c > so that p'^Di > Dq. We have 
from above that H°{C, F^{ujci-Di) -^^1) H^{C,0Jc®-^) is surjective for ah e > cq 
and (making eo larger if necessary) we may also assume that deg(Oc'(— Di)®^^''") > 
But then 

H\C,F',+'{u:c{-p'D^)®J^P'^''))-^H\C,Ft{i^c{-Di)®J^P''))-^H\C,u:c®-^) 

is surjective for any e > cq. Since this map factors through H^{C, F^~^^{ujc{—D{))®^p''^'')), 
the asserted surjectivity of ()9.2.ip for Dq also follows. □ 
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We immediately obtain the following corollary. 

Corollary 9.3. Let A be an ample divisor on C and set S = ^^^^q H^{C,Oc{iA)). Then 
the ith graded components 

coincide for all i such that i ■ deg{A) > . In particular, taking A = Kc if the genus of 
C is at least two, we have [TioJs)]i = [^s\i for all i > 0. 

Proof. As argued previously, we have P^{C,ujc ^ Oc{iA)) = [T{ujs)]i and H^{C,ujc ^ 
OciiA)) = [ujs]iy cind so the corollary follows immediately from Proposition 9.2[ □ 
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